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In this paper, we show the existence of nonnegative interpolation formulas
for functions which are solutions of second-order uniformly ¢lliptic equations
over bounded domains.

1. INTRODUCTION

In this paper we are interested in the existence of nonnegative interpolation
formulas for functions which are solutions of second-order uniformly elliptic
differential equations over bounded domains in E". The existence theory is
based on properties of nonnegative linear functionals. Some of this theory is
outlined in Section 2, and extended in a direction useful for interpolation.
The theory is applied to solutions of elliptic equations in Section 3.

2. MOMENT CONE STRUCTURE

Let T be a compact set in E*, and let C,(T) be the (n + 1)-dimensional
linear vector space spanned by the linearly independent continuous functions
@o(t), ®1(t), ..., @.(t) defined on T. We assume the Krein Condition (see
Rogosinski [8]) is satisfied, namely, J p(¢) € C(T) such thatp(t) > x> 0on T.

Relative to the basis ¢q, @i, ..., @, of C,(T), we can represent any linear
functional L in the dual space C,(T)* by its moment vector (Leg,Ley,...,Le,),
a vector in E"*!, This provides a natural identification between C,(T)* and
E™1, In particular, the point functional, L.(f)=f(t), V fe C(T), is
represented in E™! by the vector @(r) = (po(t), @:1(t), ..., @at)). Let
F={e(t)|t e T} = E™*! designate the set of point functionals. By continuity,
Fis a compact set.

! This work was partially supported by the Office of Naval Research, Contract Nonr
562(36).
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NONNEGATIVE INTERPOLATION FORMULAS 375

A linear functional L is said to be strictly positive if p(t) >0, VteT,
p()#0 = L(p) >0, and nonnegative if p(t)=>0, VieTl =L(p)=>0. A
nonnegative functional which is not strictly positive is said to be singularly
positive. The convex cone of nonnegative linear functionals is denoted by M,
(either as a set in E™*! with moment vectors as elements, or as a set in C,(T)*,
the dual space, with functionals as elements). Clearly, F < M,,.

For any set C, let K(C) designate the cone hull of C (i.e., the smallest convex
cone with vertex at the origin which contains C), and let H(C) designate the
convex hull of C. Then, the following facts are known (Rogosinski ([8], [9],
Wilson [{1]):

(i) M, is a closed, convex, pointed cone in E"*!, with non-empty
interior.
(i) M, = K(F)=K(H(F)).

(iii) M,° (the interior of M,,) is the set of strictly positive linear functionals,
while dM, (the boundary of M,) is the set of singularly positive
linear functionals.

(iv) ForL e M,,Apoints ty,1,,..., ¢, € T, and positive scalars Ag, Ay, ..., A
such that

D?

LN=3Mf@), Y feCm),

where p < », and such that the set of vectors {¢p(ty),p(¢)), ..., @(,)}
is linearly independent in E**1.

In (i) a cone is pointed if the only linear subspace it contains is the set {0}.

It is easily observed that F spans the space E*"!. Suppose not. Then, F is
contained in a hyperplane through the origin. Thus, 3h=£0 such that
F<{x|h-x=0}. Hence, for each teT, h-¢p(¢)=0, so the “polynomial”
b(t) =h-¢(?) is identically zero, contradicting the linear independence of
Pg> P15 +--» P, o0 7. By means of this observation, (iv) (an immediate conse-
guence of (ii)) can be strengthened to

THEOREM 2.1. Let L be a nonnegative linear functional on C,(T). Then, I points
tos 11, - .-y by, and nonnegative scalars Ay, Ay, ..., Ay, Such that

Q) L(f) = z MNF(E), YV feCAD), @.1)

(ii) the set of vectors {ep(t,),(t,),...,p(t,)} is linearly independent in
En+1-

Proof. From (iv), we have

L= 3 M@, ¥ fecm),
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where A; > 0. Since F spans £, the linearly independent set {ep(ty), . .., p(Z,)}
can be augmented by elements of F, ¢(t,.), ..., @(,), to provide a basis for
E"1 Define A,;; = A,.2=...=A,=0. Hence,

L= 3 NSV [ O, QED.

Since the equations (2.1) are equivalent to the system of equations

S Net)=my  i=0,1,...,n, 2.2)
=0

where m; = L(p,), (i) implies that the matrix of the system is nonsingular, and
that the coefficients Ay, A, ..., A, are determined uniquely. Thus, with this set
of points, we can find a solution to the system

n
> welt)=co  1=0,12..m,

say, p(c). Clearly, p(c) is continuous in ¢, and w(m) = A > 0.

This means that there exists a (unique) expression of the form (2.1) for any
linear functional M on C,(T) involving the points #4, ¢, ..., f, determined by
L (although the coefficients A; may have any sign). Thus, we say the points
t, 1y, ..., 1, can be used to interpolate to any linear functional.

We can prove a stronger result:

THEOREM 2.2. Let 2 be a compact set in E™. Let ¢(s), s € §2, be a continuous
map of 2 into M,°. Then, 3 points 1y, 1y, ..., ty in T, and functions A(s), A;(s),
<> Ay(8), nonnegative on £2, such that

)= > M) 9()

where, in general, N > n. Equivalently, if for each s € 2, L, is a strictly positive
linear functional on C(T) and L, is a continuous map of 2 into the dual space
C(T)*, then, 3 points ty, t,, ..., ty in T, and nonnegative functions Ay(s), A,(s),
o, A8), s € 82, such that

L) = SN0 S,V feCu.

Further, the set {¢p(ty),p(t,), ..., @(ty)} can be assumed to span E"*'.

Proof. Let Cq ={c(s)|s € £2}. This is, by continuity, a compact subset of
M,0. Hence H(Cp) is a convex, compact subset of M,°. By the standard
approximation theorem for compact convex sets (Eggleston [5], p. 68), there
exists a convex polytope Q, with vertices P, P, ..., P,,, such that

Coc QCM,,O.
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Now, each point of Q is a convex combination of its vertices (Q is the
convex hull of its vertices, by definition), and each vertex can be expressed as
in Theorem 2.1. Therefore, each point of Cg can be expressed as a nonnegative
combination of a finite set of points of F. Q.ED.

3. INTERPOLATION TO FUNCTIONS SATISFYING ELLIPTIC EQUATIONS

Suppose D is an open, bounded, connected set in E”, with boundary D
and closure D. The differential operator
r 62 r a
Mu] = ,Zz a0z 51O + zl b0 57 u®

where a;; = a;;, t € D, is said to be uniformly elliptic in D if 3 p > 0, such that

> oayO&EE = 2 5 VEcE,VteD.
i, i=1 i=1

i, j=
We will require the following theorem given in Protter and Weinberger [7],
p. 64.

THEOREM 3.1. Let u satisfy in D the differential inequality M[u]+ hu>0,
where M is uniformly elliptic in D, h(t) < 0, and where h and the coefficients of
M (a;; and b;) are bounded. If u attains a nonnegative maximum K at a point
of D, thenu= K.

CorOLLARY 3.1.1. Let u, continuous in D, satisfy in D the differential inequality
above, and suppose that u(t) <0, t € 0.D. Then u(t) < 0 in D, unless u=0.

Proof. Immediate from Theorem 3.1.

Let vy, vy, ..., U, be continuous functions on D, which satisfy in D the
differential equation
Mu]+ hu=0,

and such that, as functions defined on 8D, the boundary, they are linearly
independent. We denote their span by C,(0.D) or C,(D), depending on which
set, 8D or D, we are considering as their domain of definition.

LemuA 3.1, Let t* € D. The linear functional La(f) = f(t*), V fe C(oD),
is strictly positive.

Proof. Suppose v(t) e C,(6D), v()=0, v(t) > 0. Let u(t) =—ov(t). Then,
Miul + hu =0, and by Corollary 3.1.1, u(t*) < 0. Hence, v(t*) > 0, and the
functional is strictly positive. Q.E.D.

We now assume that C,(dD) or C,(D) satisfies the Krein condition (the
existence of a function strictly positive on its domain of definition). These are
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equivalent assumptions, since 6D < D and by the maximum principle
(Theorem 3.1).

THEOREM 3.2. Let t* € D. Then, under the above conditions, 3 poinis t,, t,,
..., t, € 8D, and nonnegative scalars Ay, Ay, ..., A, such that

o(t*) = i A u(ty), Y ve C (D).
iZ0

Further, the points ty, t,, ..., t, can be used for interpolation. That is, for each
te D,

(0= S w®elt), VoeC D),

i=0

[O‘o(t)} {Uo(to), oo Uo(tn)}‘l [Uo(t)J
- 3.1)
an(t) Un(tO)’ RS Un(tn) Un(t)

Jort=t* o,(t") =X, =0,i=0,1,..., n

where

Proof. This is implied by Theorem 2.1 and Lemma 3.1. Q.E.D.

From (3.1), we see that o,(t) is in C,(D), and thus satisfies the differential
equation. Further, it follows directly from (3.1) that «,(t;) = §,;. There is,
of course, no guarantee that «,(t) > 0 as t varies in D. However, the following
niay be said.

THEOREM 3.3. Let G be a compact set contained in D. Then, 3 points t,, t,,
oo, ty €0D, and functions Ay(t), A1), ..., AN(t), such that

N Vve CyD),
()= > A, .
v = 3 MO, o
where A(t) >0 fort € G. (N > n, usually.)
Proof. Theorem 2.2 and Lemma 3.1. Q.E.D.

Interpolation formulas of the type of Theorem 3.2 are, of course, special
cases of the type of Theorem 3.3.

Let gy(t), ¢,(t), ... be a sequence of solutions of the differential equation
M [u] + hu = 0, which are continuous in D, linearly independent as functions
on 9D, and where go(t) > « >0 on D.

Consider, next, a sequence (n =0,1,2,...) of interpolation formulas

w(f30= 3 MO S0)

given by Theorem 3.3 (for Theorem 3.2, N(n) = n) and exact for ¢g, ¢y, ..., @,
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We have:
N(n)
(PO(t) == 20 Agn)(t) <P0(ti)’ te D’
N(m)
>a 2 AP, teG,
i=0
so that
® 0<2A™(t)=Klz, teG,
independently of n,
Ny
(ii) 0< > AP < Klw, te G,
i=0

independently of n,

where K = max {pyt), t € G}.

Suppose H is a Banach space of functions on D, each continuous there,
and such that each satisfies the differential equation M[u] + hu=0. (We
assume that the norm in # is the sup norm.) Then, if ¢, ¢, ... is a closed
sequence in H,

u(f,) > f(t), asn—>o

uniformly on G. This is an immmediate consequence of the uniform bounded-
ness principle (see Davis [2], p. 351).

This type of formula should be contrasted with the convergence of harmonic
polynomials of interpolation using points defined by Curtiss for domains in
the plane. (See Curtiss [/].) Curtiss exhibits the existence of interpolation
schemes (N(n) = n) where uniform convergence occuts on compact subsets.
In this paper we have exhibited schemes which converge at a point, or on a
compact subset, specified in advance.

From a numerical point of view, the methods outlined in Wilson [12] can
be used to obtain the interpolation formulas of the type of Theorem 3.2. We
shall present some numerical results in a sequel.
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